A numerical study is conducted on the behaviour of yield stress fluids in a mixing vessel equipped with anchor agitator in laminar regime. It is shown that extending a standard Carreau model of shear thinning fluid is a suitable practice. Validations versus Couette flow analytical solution are satisfactory. Main features of local hydrodynamics and global power consumption are described for a 2D flow. Significant changes in the flow pattern are observed for low inertia and high yield stress and the results are considered as guidelines for further laboratory experiments.
INTRODUCTION
A lot of industrial fluids are known for their non Newtonian properties. Liquid-liquid and solidliquid dispersions are situations relevant to this category. For low and moderate concentrations, the behaviour usually becomes shear-thinning and a lot is known about hydrodynamics in mixing vessel for such fluids [1, 2] . However, large departures from this quasi-Newtonian behaviour are observed when concentration is higher. This situation is often encountered in practice viscosity variations in the explored shear stresses in such a way that theoretical models with yield stress are the best to fit the data [3] . One of the theoretical models for these fluids, known as viscoplastic fluids, is the Bingham relation. This is the simplest one to take account of a yield stress, as it uses only two parameters. However it introduces a singularity. Previous numerical studies are not very numerous for these fluids and generally restricted to simple and classical flows. Simulations for these problems are based upon two kinds of models, those using a generalised viscosity model type [4 -6] , and those using a stressvelocity formulation [7, 8] .
Concerning mixing processes, Kaminoyama et al. [9] in a numerical approach have discussed the influence of yield stress on power number using a simplified bi-viscosity model. With a stress-velocity formulation, Bertrand et al. [10] have analysed the correlation of the power number versus the Reynolds number in a mixing vessel and they have proposed an extension of the Metzner and Otto concept for such viscoplastic fluids.
In order to provide some insight in emulsion polymerisation operation at high concentration, a complete numerical and experimental study was conducted by the authors of the present paper [11] . Rheological characterisation was conducted on samples from an emulsion copolymerisation process. This raw product was an aqueous dispersion and latexes were Butyl acrylate/Vinyl acetate ones. This revealed a shearthinning behaviour for moderate volume fractions and viscoplastic behaviour for the highest ones: 46 %.
In the present paper, hydrodynamics of the mixing of these products in a vessel equipped with an anchor impeller is studied. It aims to present the practical aspects related to the computation of this type of flows using commercial software that was not designed for this purpose originally.
THE NUMERICAL MODEL

THE MIXING VESSEL
We choose to study hydrodynamics of the system which was used in the laboratory, i.e. a cylindrical vessel equipped with an anchor impeller ( Fig. 1) . Dimensions for the studied case are reported in Tab. 1. The operating conditions are such that the flow is laminar throughout this study.
THE MODELS FOR THE FLUID
We consider the incompressible, isothermal and laminar flow of non Newtonian fluids. We have to determine the extra stress tensor and the velocity and pressure fields in this flow, namely t t, V and p. The differential equations for mass conservation and momentum balance, associated to a constitutive equation for the fluid are the governing equations for this problem. As constitutive equation for the viscoplastic fluid with yield stress t 0 , we use a Bingham model:
where D = 1/2 (-V + -V T ) is the strain rate tensor and |t t| the magnitude of t t, defined as:
The scalar quantity g · characterises the shear rate in the flow. It has to reduce to the classical shear
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[m] rate in unidirectional shear flow, so it is defined as g · = (4 II D ) 1/2 , where II D = 1/2 tr D 2 is the second invariant of D. According to Eqs. 1 and 1, the flow domain for a theoretical Bingham fluid is characterised by two distinct regions. In the regions where |t t| < t 0 , the material behaves as a rigid solid, and in the regions where |t t| > t 0 the material flow with an apparent viscosity h app defined within the parenthesis in Eq. 2:
The major difficulty with the constitutive Eqs. 1 and 2 when used for numerical simulation is the infinite value of the viscosity when |t t| approaches t 0 . This is reached at the frontier of the yield surface delimiting plug regions. Some numerical works have been published on methods adapted to the initial set of Eqs. 1 and 2 completed by continuity and momentum equations in stress formulation [7, 8] . But most of the published works on this topic use modified versions which consist in replacing Eqs. 1 and 2 by a unique and continuous equation written with a variable viscosity h app :
h app is chosen in such a way that Eq. 4 is close to Eq. 2 when the shear rate is larger than a threshold g · c , and corresponds to a finite limit value h 0 below this threshold, with h 0 sufficiently high to be considered as infinite. On a physical point of view, this is equivalent to consider the fluid in the plug region as a very viscous one, in such a way that velocities are negligible when compared to shear regions.
There are mainly four models expressing this behaviour: the bi-viscosity model [6, 12] , the Papanastasiou model [4, 13] , and the Bercovier and Engelman model [5] . To these models, we have added the Carreau model which was first proposed for pseudoplastic fluids but which is comparable to the previous model for viscoplastic fluids with a correct choice of parameters. Equations for these models are reported in Tab. 2
The bi-viscosity model consists of using Bingham Eq. 2 for shear rates higher than a critical shear value g · and a high viscosity Newtonian model for shear rate lower. Note that the Bingham condition on the shear stress is replaced by a condition on the shear rate. Papanastasiou [4] proposes a continuously derivable expression for h app using an exponential term to control the stress growth by way of a m-parameter and Bercovier et al. [5] introduce a small regularisation parameter d in the denominator of Eq. 2. The choice of weak values of parameter n in the Carreau model ensures a fast increase of the apparent viscosity for low shear rate, and then a behaviour similar to previous models.
Regularisation parameters have to be chosen carefully for designing an approximate model that remains consistent: high value of h 0 /h ∞ allows good approximation of the Bingham law but results in convergence difficulties. At the opposite, low values for this regularisation parameter give an h 0 -dependence of the results and a behaviour which is almost pseudoplastic. Investigations were conducted by different authors [6, 12] who concluded that results are insensitive to the value of h 0 once h 0 /h ∞ exceed 1000 for the studied flows. Similar investigations done for the Papanastasiou model leads to mvalue of 50 to 200 depending on the authors [4, 13, 14] . But, as pointed out by Beaulne and Mitsoulis [14] the dependence on m is related to the value of the yield stress t 0 , so m has to be chosen in such a way that h 0 /h ∞ remains high. Concerning the Bercovier law, the d parameter has to be very small. Associated to an accurate numerical treatment, these authors have fixed it to the computer resolution (10 -14 ). Most of these results are related to simple configuration flows such as ducts or annular geometries. As the studied flow is more complex, one has to pay attention to the cut-off value h 0 and keep in mind the kind of approximation when analysing the results.
Concerning the Carreau model, the parameters will be determined from numerical
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Bercovier-Engelman experiments (see section 3.1). As a matter of fact, the power-law index , which introduces plasticity in the model, is fixed to 10 -3 . It has been shown that the intrinsic value of this parameter is not significant as long as it is sufficiently small.
THE GOVERNING EQUATIONS
Under these assumptions, a generalised Newton law with a variable apparent viscosity h app can be used all over the domain and classical Navier-Stokes equations are then valid insofar as viscosity gradients are included:
The whole set of equations for the problem consists of Eqs. 4 and 5 completed by the continuity equation (divergence free velocity field).
DIMENSIONLESS NUMBERS
The dimensionless number directly associated to yield stress is the well-known Bingham number defined as: (6) where V 0 is a characteristic velocity defined as pND. The hydrodynamics also depends on the Reynolds number, the definition of which is somewhat difficult for viscoplastic fluids insofar as viscosity variations can be very large inside the domain. The evaluation of an average, or global, viscosity is not justified in the sense of an exact mathematical averaging operation. Following Bertrand et al. [10] , two classical Reynolds numbers Re and Re g can be defined: (7) where r is the density. Re is based on the h ∞ viscosity, and Re g on an apparent viscosity h app eval-
uated from Eq. 3 using an equivalent shear rate g · eq . On the basis of the Metzner-Otto concept, derived originally for shear thinning fluids, g · eq is supposed to be proportional to the impeller rotational speed N. The proportionality coefficient K s depends on the flow configuration and is adjusted from the evolution of the power consumption in the vessel.
The Bingham number depends on geometry, fluid characteristics and flow regime via N. As we are interested in cross effect of inertia and viscoplasticity, physical interpretation of the results will become easier if we use the Hedström number He:
Indeed, a constant Hedström number corresponds to a given fluid in a given geometry whatever the rotational speed is, while this is not true for Bingham number. For this reason, results will be presented using the equivalent couple (Re, He) instead of (Re, Bi). The range covered is 0.7 -550 for Reynolds number Re and 2600 -79200 for Hedström number He. Simulations were then conducted to explore hydrodynamics mainly in this range of parameters.
NUMERICAL METHOD
We use the Fluent software in which a finite volume method is implemented. A second order scheme is used for the pressure and a QUICK scheme for the momentum equation. The coupling velocity-pressure is processed by a SIMPLE method. Due to the sharp variations in the value of the viscosity, under-relaxation was necessary to ensure convergence. Computations are conducted in a rotating frame bound to the impeller so that the problem is a steady one. The motion of this frame with respect to the frame of the laboratory requires the introduction of Centrifugal and Coriolis forces to the momentum equation. Results are then expressed in a fixed frame in a post-processing stage.
2-D numerical simulations were conducted on three unstructured meshes M1 to M3, with respectively 18000, 40000 and 71000 quadrangular cells. Mesh independence was studied in Newtonian and viscoplastic cases for the inter-
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A 3-D simulation was also conducted [11] . It has been found that for Newtonian case the axial velocity is very low in the major of the vessel. Moreover, this component is strongly reduced in the viscoplastic case.This justifies the hypothesis of 2D flow that is retained for this study.
RESULTS
VALIDATION VERSUS COUETTE FLOW
The tangential velocity profiles obtained by computation are compared to the analytical solution for Bingham fluid in the case of the Couette flow of two rotating cylinders. The mesh used for this comparison was similar to M2 mesh previously described. The diameter ratio R 1 /R 2 was chosen equal to 2/3. The inner cylinder is rotating while the outer is maintained fix in order to reproduce a situation similar to the one of the mixing vessel. Numerical investigations were conducted with a yield stress equal to 1 Pa and a limit viscosity h ∞ equal to 0.1 Pa.s resulting in Hedström number equal to 2640. Following results are obtained for a viscosity ratio h 0 /h ∞ equal to 10 5 . Fig. 2 presents viscosity versus shear rate for the previous models. The difference between theoretical Bingham model and approximate models looks reasonable for practical purposes. On this figure, only the zone corresponding to significant differences is displayed (10 -5 < g · < 10 -2 ). Fig. 3 compares analytical tangential velocity profile for Bingham model and calculated profiles. The viscoplastic profile is divided in two parts: the shear zone (corresponding to r < r 0 ) and the frozen zone (r > r 0 ) [15] . The limiting radius r 0 depends on the geometry, the fluid parameters and the rotation frequency. With the selected parameters, the theoretical value of r 0 is 0.736. Apart from the close neighbourhood of r 0 , the curves are nearly identical in both regions.
The differences are expected to appear in the zone of significant differences between the rheological laws, that is in the r 0 region. mediate Reynolds number of 13.8. In both cases, results were quite identical between M2 and M3, while M1 shows the same qualitative results, which differ from less than 5 % except for a region very closed to the blade where a gap of 10 % is reached. This is namely an interesting fact in view of 3-D simulation. Indeed, generation of a 3-D mesh with cell size similar to M2 one in each horizontal plane, leads to a total number of cells (around 10 millions cells) which is not reachable with our computation systems. Wall conditions are fixed on the impeller and on the outer circular surface. As we choose to work in the rotating frame bound to the impeller, they stand as follows: Defining V th , V num and V ref = 2pNR 2 as, respectively, the theoretical Bingham velocity, the numerical velocity and a reference velocity, we have plotted the quantity D = |V num - Fig. 4 . D is lower than 10 -3 on more than 85 % of the radius while this error can reach a value of 7.10 -3 near r 0 . Both asymptotic behaviours due to wall action are obtained with reasonable accuracy in the major part of the computational domain.
These results are obtained with an appropriate choice of parameters for the different models. Results for the bi-viscosity model are quite similar for g · varying from 10 -3 to 10 -4 s -1 (corresponding to h 0 /h ∞ in the range 10 4 to 10 5 ). For the Papanastasiou and Carreau models, respectively m and l have both to be greater than 1000 to ensure a maximum value of D less than 1 %. All these models, except eventually the Bercovier one applied in these conditions, provide results with the same order of precision. Thus the Carreau model originally available in the code was adopted as a reasonable choice for this study. Of course parameters will be adjusted consequently to cover the different values of the yield stress and to be in agreement with the flow in the mixing vessel owing to the expected range of shear. The influence of h 0 /h ∞ was studied for both Couette flow and mixing vessel flow. The appropriate value was adapted to each individual situation by a trial and error adjustment, and the applied criterion is the h 0 /h ∞ independence. Correct values of this ratio reveal to be larger than those usually used for simple flows and moreover they depend on Bingham number. h 0 /h ∞ was taken in the range 2.10 3 to 2.10 5 for the mixing vessel. Parameter l is chosen to obtain a given value for t 0 or the corresponding He and exponent n is maintained to 10 -3 .
LOCAL HYDRODYNAMICS
Through the modification of the fluid properties in a suspension of increasing concentration the fluid evolves from shear-thinning or pseudo-plastic to yield stress or viscoplastic. Maintaining h ∞ and N constant imposes a constant reference Reynolds number Re that is fixed to 13.8 for comparison purposes. Only the fluid is changed through the values of h 0 (l or n) or t 0 . The effect of this change is represented in Figs. 5 and 6 for the tangential velocity profiles in the radial direction. As the radial velocity is small in this essentially tangential flow, these profiles are representative of the flow modifications. For a pseudo-plastic fluid corresponding to h 0 = 1 Pas and h ∞ = 0.1 Pa.s the differences with the Newtonian reference case are quite small. But, with similar properties, if the yield stress is increased to obtain He = 2640, the tangential velocity is drastically reduced and reaches negative values in the blade inner region. Moreover, in the plane perpendicular to the impeller (Fig. 6 ), the velocity goes to very small magnitude on the major part 
Figure 7 (left middle):
Tangential velocities on the impeller plane for different yield stresses.
Figure 8 (left below):
Tangential velocities on the median plane for different yield stresses. of the section. This signifies that the anchor does not entrain the fluid in this part of the vessel and its action is limited to its immediate vicinity.
YIELD STRESS INFLUENCE
Considering the same reference Reynolds number, the effect of yield stress is analysed on Figs. 7 and 8. This effect is included in the variation of He, the zero value for this number corresponding to the Newtonian case. Obviously the modification observed in the previous section is shown to happen gradually with the increase of He. The zone of inverse tangential velocity arises when this number is sufficiently high and the zone of influence of the blade is also restrained. For high values of He, hydrodynamics in the vessel is completely modified.
VELOCITY FIELDS
In fact the flow is driven by the couple of non dimensional numbers He and Re and its behaviour is modified by changing these numbers separately. The Figs. 9 and 10 represent the velocity fields for four different couples of parameters comparing the constant viscosity (Newtonian) case and the strongly marked yield stress case (viscoplastic) for two Reynolds numbers, in other words when inertia effects are increased. One can observe on these vector maps that the yield stress effect is more drastic in the case of low inertia. However if the inertia is increased, some intermediate patterns are observed but as a whole the blade effect extends more or less in the entire vessel. This evolution of the flow field looks rather logical and the experiments in progress in our laboratory will aim to validate these results.
POWER NUMBER
Considering practical purposes and design of mixing operation, it is worthwhile examining the signature of this flow patterns on power consumption P. The associated non dimensional power number N p is defined as:
For the Newtonian case, the product N p · Re is constant and usually called K p . This constant depends only on geometrical characteristics and a value of 240 is obtained from the computation. In the viscoplastic case, values for N p · Re are larger and the product is no longer constant owing to the yield stress influence. As it was done by Bertrand [10] , the K s parameter allowing definition of a generalised Reynolds number Re g is calculated from the Newtonian value of K p . K s is found to be constant and equal to 40 for high Bingham numbers that correspond to noticeable yield stresses affecting hydrodynamics. The N p versus Re g variations are represented on Fig. 11 . These results have been obtained for a given fluid with a fixed yield stress (He = 2640) in varying the impeller rotation frequency. This figure shows that all the data collapse on a single plot that represents this flow configuration. The results have been plotted also using the value of K s = 21 that was found by N P N D p = ρ 3 5 Bertrand [11] in a mixing vessel filled with a viscoplastic fluid and equipped with an anchor agitator but with different characteristic dimensions. The differences in the reduced curves are reasonably small, a result that shows that the simulations are comparable to the ones of these authors.
CONCLUSION
This numerical study aims to reproduce the behaviour of a yield stress fluid in a mixing operation concerning highly viscous fluids. This means that the Reynolds number does not exceed some hundreds and thus the flow regime is laminar.
The major numerical difficulty with such fluids is the high viscosity contrast that can produce unwanted discrepancies in the results of computations. Existing models in the literature have been tested in the case of the classical Couette flow of rotating cylinders. The tests show that, provided sufficient attention is paid to the choice of parameters, all models are equivalent and the flow does not depart significantly from the analytical solution.
Owing to these results, the hydrodynamics in a flat bottom mixing vessel equipped with an anchor agitator is computed in order to provide a clear basis to laboratory experiments. Evidence is provided that the flow is nearly two dimensional and mainly tangential. It is shown that the flow pattern is drastically modified in the case of high yield stress and low inertia. The circulation is rather poor as indeed the major part of the power is put to rotate the anchor that has very little effect on the core of the reactor. The consequences on power consumption in the mixer are important and a generalized Reynolds number is used to take plasticity into account. Nevertheless this simplified numerical approach proves to be useful in order to anticipate on the behaviour of a yield stress fluid in a mixing vessel and provide useful information for design.
It is worthwhile noticing that these results have been established in a restricted range of flow parameters corresponding to moderate laminar numbers. The specific effect of yield stress is marked for high Hedström number and vanishes when the Reynolds number increases. To extend these results to practical situations, it should be necessary to define for the studied geometry a limiting curve in the (He, Re) or in the (Bi, Re) plane separating the regime of fully sheared flow to the one where quasi-solid displacements exist. Numerical computations can help finding this for a prescribed geometry if all conditions are respected. However, other effects can be involved such as slip at the wall or real fluids that are not pure Bingham ones.
